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; L det D u j dx whose energy-well consists of matrices satisfying j j n = L det : We s h o w that the relaxations of this functional in various Sobolev spaces are signi cantly di erent. We also make several remarks concerning various p-growth semiconvex hulls of the energy-well set and prove an attainment result for a special Hamilton-Jacobi 
Introduction and main results
Given L 1, consider function f L ( ) = j j n ; L det on the space M n n of n n matrices and integral functional I(u) = Z jf L (Du(x))j dx = Z jjDu(x)j n ; L det Du(x)j dx (1.1) where u is a mapping from domain R n to R n and Du(x) is the Jacobi matrix of u. In general, j j denotes the operator norm of m n matrix 2 M m n de ned by j j = m a x h2R n jhj=1 j hj:
The absolute energy minimizers of I(u) can be characterized as mappings satisfying the Hamilton-Jacobi equation:
Du(x) 2 Z L = f 2 M n n j j j n = L det g a:e: x 2 : (1.2) In the terminology used for phase transition problems (see, e.g., 3, 9, 10, 11]), the set Z L is the energy-well of energy functional I(u): Note that Z L is also the boundary of the so-called L-quasiconformal set K L de ned by K L = f 2 M n n j j j n L det g: When L = 1 , it is easily seen that the set K 1 = Z 1 coincides with the set of conformal matrices, that is, K 1 = Z 1 = f R j 0 R 2 S O (n)g: Weakly L-quasiregular mappings are the mappings u 2 W 1 p loc ( R n ) satisfying Du(x) 2 K L almost everywhere in (see Iwaniec 6] ). Many regularity and stability properties of weakly quasiregular mappings have been studied in connection with the certain semi-convex hulls and the attainment result of the quasiconformal sets K L in Yan 13, 14, 15] . In this paper we study similar problems related to the set Z L :
The natural space for I(u) is the Sobolev space W 1 n ( R n ): In this note we are interested in minimization of functional I(u) in di erent Sobolev spaces W 1 p ( R n ). For this purpose, we de ne the p-growth relaxation functions of I(u) as follows: 
Given any number 2 R, we de ne the set S = fR(I + ! !) j R 2 Z 1 R 6 = 0 ! 2 R n j!j = 1 g (1.8) where I is n n identity matrix and a b stands for the rank-one matrix (a i b j ). In the following, we shall use ( 1 2 n ) to denote the n n diagonal matrix with diagonal elements 1 : : : n that is, we denote In this paper, we shall also prove the following much stronger attainment result. Let QC + p (K), RC + p (K) a n d P C + p (K) be the class of quasiconvex, rankone convex, and polyconvex functions in C + p (K), respectively.
De nition 1.1. The p-growth quasiconvex, rank-one convex and polyconvex hulls of set K are de ned, respectively, as follows:
Remark. These p-growth semiconvex hulls have been referred to as the W 1 p -or, simply, p-semiconvex hulls in Yan 12, 15] We adopt the present de nition here to stress the growth condition and to distinguish with the di erent and not equivalent de nition of p-semiconvex hulls given in Zhang 18, 19] .
The p-growth semiconvex hulls of the set K L have been studied in Yan 15] . Concerning the set Z L , we have the following we have f L ( + t 1 ) = f L ( + t 2 ) = 0 for some t 1 < 0 < t 2 with a given rank-one matrix :Thus g( +t i ) = 0 for i = 1 2, which, by t h e rank-one convexity of g, implies g( ) = 0 and proves the result.
Proof of Theorem 1.5. From de nition of semiconvex hulls, to prove the theorem, it is su cient to prove the equalities:
, and P C + p (Z L ) are all rankone convex, these equalities follow easily from Proposition 2.3. The proof is completed.
The lamination hull and attainment results
Given any set K M m n and number p 2 1 
3)
The following useful attainment result has been given in Yan 14 ] see also Yan 13] . 2) A closer look at the proof of 14, Theorem 3.2] also shows that the map u = u satisfying (3.5), (3.6) above depends only on the family fu j 2 Ag in (3.4) and any xed number q p in particular, the solution u = u for any 2 B can be made independent of power p as long as p < q for some q < 1: This can beseen from the choice of sequence f k g in the proof of 14, Theorem 3.2]. We notice that the construction of u = u depends on power p only through this sequence f k g that is required to satisfy k ! 0 + and P k 1=p k < 1: However, if p < q , we can x such a sequence k satisfying k ! 0 + and P k 1=q k < 1: Then the solution u = u constructed there is seen only depending on this sequence f k g and the family fu j 2 Ag given in (3.4) . Note that the estimate (3.6) is independent of the sequence f k g. 4. Proof of Theorem 1.4 In this nal section, we apply Theorem 3.5 to prove the main attainment theorem, Theorem 1.4. To do so, as in Yan 13, 14] , we further introduce certain subsets in M n n : Let W L be the set de ned by (3.2). Give n a n umber > 0 de ne R(n) = f 2 M n n j j j n = j det jg Dv(x) = r (I + ! !) (4.5) det Dv(x) = (1 + )r n det (4.6) jDv(x)j = ( r j j j1 + j 1 j1 + jr j j j1 + j > 1:
If det > 0, we choose = 1 to beone of the two numbersde ned above, and then one easily sees that Dv(x) 2 S 1 for all x 6 = 0 in B and, a computation also shows that this function v = v belongs to W 1 q) (B R n ) a n d satis es Dv ] q B C 1 (n L)j j: Proof of Theorem 1.4. Let 2 M n n be given. Let > 0 be a number such that j j < : Then 
